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Outline of the presentation

m What are neural operators for solving PDEs ?
m Are neural operators really operators ?
m How can we correctly define neural operators?

m Can construct practical ones?
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Solving PDEs as approximating solution operators

Theory

= We want to solve the PDE :

F(u;p)=0; x 2
B(u;p)=0;x20@

m p input, e.g. initial condition
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Theory .
Practice
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Solving PDEs as approximating solution operators

Theory .
Practice

We want to solve the PDE :

Only finite number of
F(u;p) =0; x 2 computations,
B(u;p)=0;x20@

m need to discretize u;p e.g. on
a regular grid

p input, e.g. initial condition

m u;p lie in a (potentially
infinite dim) function spaces

consider discrete spaces X;Y

X;Y- . m consider approximation G
m consider solution operator G G:X 1 Y:
G: X LY, p Tu

L|
pY¥u
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Link between discrete and continuous

Having an operator perspective is very important :

m the solution lies in this function space,

m quantifying discrepancy between discrete and continuous solutions is
at the basis of numerical analysis.

m Essential for structure preserving methods, as symmetries are at the
operator level, etc...
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Neural Operators

For this reason,

m solution operator G approximated with neural operator G ,

m G mapping from functions to functions :

G : X 1Yy;
pY¥u

m potential for deep learning to drastically accelerate simulations,

m can be applied even when pde is unknown (e.g. climate)
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Discretization invariance

Mesh refinement

Figure 1: Discretization Invariance

An discretization-invariant operator has g ions on a mesh
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a prototypical example : the Fourier neural operator (fno)

Figure 2 — layer of the Fourier neural operator ?

m sequence of layers, as in classical nns

G= N Np 1 0 Np
(N-V)(x) = (A-v(x) +B(x) + K-v(x))
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a prototypical example : the Fourier neural operator (fno)

Figure 2 — layer of the Fourier neural operator ?

m sequence of layers, as in classical nns

G= N Np 1 0 Np
(N-V)(x) = (A-v(x) +B(x) + K-v(x))

m novelty : layers defined as mappings from functions to functions
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a prototypical example : the Fourier neural operator (fno)

Figure 3 — layer of the Fourier neural operator

m for example, continuous convolution with Fourier layer :
z

Kv() = k(x yv)dy=F *(R F(v))(x)
D

claim : gives ability to handle diCerknt resolutions
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a prototypical example : the Fourier neural operator (fno)

Figure 3 — layer of the Fourier neural operator

m for example, continuous convolution with Fourier layer :
z

Kv() = k(x yv)dy=F *(R F(v))(x)
D

claim : gives ability to handle diCerknt resolutions
m state of the art for many PDEs, claims to handle functions
m claim to be discretization invariant,

m how are these computed on a computer ?
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X—Y
// K\ // K\
? 2 ? ?

| . i
\1 / N /

m in practice, all computations done discretely using G, not G

— input and output function sampled on a grid
— DFT is used instead of Fourier transform
— activations computed on the grid (not the function)

m link between operator G and discrete map G ?
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Discrete representations not equivalent

m random input u 2 R%! and target data v 2 R®%, uj;v;  G(0;1)
m train mapping G to regressu ¥ v
m after training to 0 loss, change resolution and compute discrepancy
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Discrete representations not equivalent

random input u 2 R® and target data v 2 R®?, ui;vi  G(0;1)
train mapping G to regressu ¥ v
after training to 0 loss, change resolution and compute discrepancy

hints at discrepancy between continuous and discrete

a bit of an extreme case, but shows that

m discretization invariance is only a property at the limit, does not say
anything for practical resolutions
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Representation equivalent neural operators (ReNO)

Representation equivalent neural operators (ReNO)

Couple(G; G), such that the diagram commutes :

X —S v

N /
R E
J o\

X Y
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Representation equivalent neural operators (ReNO)

Representation equivalent neural operators (ReNO)

Couple(G; G), such that the diagram commutes :
G

X —2— Y
N/
R E
VAN

X Y

m i.e. discrepancy between continuous and discrete, akasing
"G;GG=G R G E=¢0;

m X ;Y separable Hilbert spaces, e.g. bandlimited functions, spanned by
wavelets, fourier series coe cients, etc...
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layer-wise Instantiation

layer-wise Instantiation

m Design each layefG ; G) such that diagramcommutes :
G=R N E

m composition of layers is also a ReNO
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Equivalence between discrete representations

Consider two discretization§& and G° of G (e.g. on di erent grids).

G G

X Y X —=—Y
1 \\ f( \ f N \
R E R E RO E® R E°
1/ o \ v \ / o N
X —S 5y X0 C . yo
G=E G R G=R° c* F

If both diagrams commutediscrete representations are equivalent :

G=ER° G° E°R
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G G

X Y X —=—Y
1 \\ f( \ f N \
R E R E RO E® R E°
1/ o \ v \ / o N
X —S 5y X0 C . yo
G=E G R G=R° c* F

If both diagrams commutediscrete representations are equivalent :

V

X S Ly

G=ER° G° E°R

m If not "(G; G) 6 0, potential discrepancy at di erent resolutions.

14/29



Instantiation

X —C% vy
E R E R
\ /Gx /

X ——Y

Instantiation : Bandlimited spaces

input, output spaces X;Y bandlimited functions,
XW
E(v) = ff (xi)gl;:::; n R(v)(x) = v(x)sindx  X)
i=1

Natural spaces for point-wise evaluations on cartesian grid,
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Instantiation

X —C% vy
E R E R
\ /Gx /

X ——Y

Instantiation : Bandlimited spaces

input, output spaces X;Y bandlimited functions,
XW
E(v) = ff(x)gusm RM(X) = v()sindx  x)
i=1
Natural spaces for point-wise evaluations on cartesian grid,

Nyquist-Shannon : if grid dense enough, bijection betweeand X

"(G;G =G R G Ereduces to classical aliasing.
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going back to FNO

per layer analysis

m Continuous and discrete convolutioesjuivalent,
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going back to FNO

per layer analysis

m Continuous and discrete convolutioesjuivalent,

m Activation function is not :"(G; G) 6 0, i.e. diagram does not
commute
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